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SOME GRUSS TYPE INEQUALITIES USING
POMPEIU’S MEAN VALUE THEOREM ON
CONFORMABLE FRACTIONAL CALCULUS
DEEPAK B. PACHPATTE
Abstract. The main objective of this paper is to obtain some
Gruss Like Inequalities using Pompeiu’s mean value theorem on
Conformable Fractional Calculus.
1. Introduction
. In 1935 G. Gruss [5] proved the following integral inequality:∣∣∣∣ 1b−a b∫
a
f (x) g (x)dx−
∣∣∣∣
(
1
b−a
b∫
a
f (x)dx
)(
1
b−a
b∫
a
g (x)dx
)
≤ 1
4
(P − p) (Q− q) ,
for all x ∈ [a, b]. The constant 1
4
is the best possible.
. In 1946 D. Pompeiu [7] proved the variant of following mean value
theorem: For every real valued function f differentiable on an interval
[a, b] not containing 0 and for all pairs x1 6= x2 in [a, b], there exist a
point ξ between x1 and x2 such that
x1f (x2)− x2f (x1)
x1 − x2
= f (ξ)− ξf ′ (ξ) .
. Recently [1, 2, 10] have introduced the conformable fractional calcu-
lus. Since then many authors have studied the various inequalities and
other problems on conformable fractional calculus see [6, 8, 9]. The
main aim of our paper is to study Some Gruss type Inequalities using
Pompeiu’s mean value theorem on Conformable Fractional Calculus.
2. Preliminaries
Fractional Inequalities are very effective tool for studying wide range
of problems in various branches of mathematics. This has attracted
the attention of large number of mathematicians. These type of In-
equalities arise in variety of applications and its study is interesting.
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Motivated by the above results in this paper we obtain the Gruss type
inequality on Conformable Fractional Calculus.
. Now we give some basic definitions required for proving our results.
The Conformable fractional derivative is given as
Definition 2.1. [4] For a given function f : [0,∞) → R the con-
formable fractional derivative of order 0 < α ≤ 1 of f at t > 0 is
defined by
Dα (f) (t) = lim
ε→0
f (t+ εt1−α)− f (t)
ε
.
. The Conformable fractional Integration is given as
Definition 2.2. [4] Let α ∈ (0, 1] and 0 ≤ a < b. A function f :
[a, b]→ R is α-fractional integrable on [a, b] if the integral
b∫
a
f (x) dαx :=
b∫
a
f (x) xα−1dx
exists and is finite.
. In order to prove our results we require following result in [4] which
is Pompeiu’s Mean value theorem for Conformable Fractional Differ-
entiable function
Theorem 2.1. [4] Let α ∈ (0, 1], f : [a, b] ⊆ R→ R be an α-fractional
differentiable mapping on (a, b), with 0 < a < b and for all pairs x1 6= x2
in [a, b], there exist a point ξ in (x1, x2) such that the following equality
holds:
xα1 f (x2)− x
α
2f (x1)
xα
1
α
−
xα
2
α
= αf (ξ)− ξ2−αDα (f) (ξ) .
3. MAIN RESULTS
We denote following Notations for our convenience
K[p, q] =
b∫
a
p (x)q (x) dαx−
1
b2α−a2α
[(
b∫
a
p (x) dαx
) (
b∫
a
xαq (x) dαx
)
+
(
b∫
a
q (x) dαx
)(
b∫
a
xαp (x) dαx
)]
,
(3.1)
H [p, q] =
b∫
a
p (x)q (x) dαx−
3α
b3α−a3α
(
b∫
a
xαq (x) dαx
)(
b∫
a
tαp (t) dαt
)
− 3α
b3α−a3α
(
b∫
a
xαp (x) dαx
)(
b∫
a
tαq (t) dαt
)
+
b∫
a
p (t) q (t)dαt.
(3.2)
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Now we give some Gruss type inequality for conformable fractional
differentiable function using Pompeiu type inequality as follows
Theorem 3.1. Let f, g : [a, b] → R be continuous on [a, b] and α-
fractional differential mapping on (a, b) with 0 < a < b. Then
|K [f, g]| ≤ ‖f − w1Dαf‖∞
b∫
a
|g (x)|
∣∣∣∣ 12α − xaα + bα
∣∣∣∣ dαx
+ ‖g − w1Dαg‖∞
b∫
a
|f (x)|
∣∣∣∣ 12α − xaα + bα
∣∣∣∣ dαx, (3.3)
where w1 (t) =
ξ2−α
α
, w2 (t) =
η2−α
α
,t ∈ [a, b] and we have
‖f − w1Dαf‖∞ = sup
ξ∈(a,b)
|f (ξ)− w1Dα (f) (ξ)| <∞, (3.4)
and
‖g − w1Dαg‖∞ = sup
ξ∈(a,b)
|g (η)− w1Dα (g) (η)| <∞. (3.5)
Proof. From Theorem 2.1 we have
tαf (x)− xαf (t) =
[
tα
α
−
xα
α
] (
αf (ξ)− ξ2−αDα (f) (ξ)
)
, (3.6)
tαg (x)− xαg (t) =
[
tα
α
−
xα
α
] (
αg (η)− η2−αDα (g) (η)
)
. (3.7)
Multiplying (3.6) and (3.7) by g(x) and f(x) respectively, we have
tαf (x) g (x)−xαf (t) g (x) =
[
tα
α
−
xα
α
] (
αf (ξ)− ξ2−αDα (f) (ξ)
)
g (x) ,
(3.8)
tαf (x) g (x)−xαg (t) f (x) =
[
tα
α
−
xα
α
] (
αg (η)− η2−αDα (g) (η)
)
f (x) .
(3.9)
Adding (3.8) and (3.9) we have
2tαf (x) g (x)− xαf (t) g (x)− xαf (x) g (t)
=
(
tα
α
−
xα
α
)(
αf (ξ)− ξ2−αDαf (ξ)
)
g (x)
+
(
tα
α
−
xα
α
)(
αg (η)− η2−αDαg (η)
)
f (x) . (3.10)
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Integrating (3.10) on both sides with respect to t from a to b for con-
formable fractional integral we have
(
b2α − a2α
)
f (x) g (x)− xαg (x)
b∫
a
f (t) dαt− x
αf (x)
b∫
a
g (t) dαt
=
(
αf (ξ)− ξ2−αDαf (ξ)
)
g (x)
(
bα+1 − aα+1
α + 1
)
−
(
αf (ξ)− ξ2−αDαf (ξ)
)
g (x)
xα
α
(bα − aα)
+
(
αg (η)− η2−αDαg (η)
)
f (x)
(
bα+1 − aα+1
α + 1
)
−
(
αg (η)− η2−αDαg (η)
)
f (x)
xα
α
(bα − aα) . (3.10)
Integrating both sides of (3.10) with respect to x over [a, b] we have
(
b2α − a2α
) b∫
a
f (x) g (x)dαx−

 b∫
a
f (t) dαt



 b∫
a
xαg (x) dαx


−

 b∫
a
g (t) dαt



 b∫
a
xαg (x) dαx


=
(
αf (ξ)− ξ2−αDαf (ξ)
)

(b
2α − a2α)
2α
b∫
a
g (x) dαx−
(bα − aα)
α
b∫
a
xαg (x) dαx


+
(
αg (η)− η2−αDαg (η)
)

(b
2α − a2α)
2α
b∫
a
f (x) dαx−
(bα − aα)
α
b∫
a
xαf (x) dαx

 . (3.11)
Now from (3.1) we have
K (p, q) =
(
αf (ξ)− ξ2−αDαf (ξ)
) b∫
a
g (x)
{
1
2α
−
x
aα + bα
}
dαx
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+
(
αg (η)− η2−αDαg (η)
) b∫
a
f (x)
{
1
2α
−
x
aα + bα
}
dαx.
(3.12)
From the properties of modulus and (3.12) we have
|K (p, q)| ≤ ‖f − w1Dαf‖∞
b∫
a
|g (x)|
∣∣∣∣ 12α − xaα + bα
∣∣∣∣ dαx
+ ‖g − w2Dαg‖∞
b∫
a
|f (x)|
∣∣∣∣ 12α − xaα + bα
∣∣∣∣ dαx. (3.13)
which is required inequality.
Theorem 3.2. Let f, g : [a, b] → R be continuous on [a, b] and α-
fractional differential mapping on (a, b) with [a, b] not containing 0.
Then
|H (f, g)| ≤
∣∣αf (ξ)− ξ2−αDαf (ξ)∣∣×∣∣αg (η)− η2−αDαg (η)∣∣
(
3α
b3α − a3α
)
×{
b3α − a3α
3α
(b− a)−
(b2α − a2α)
2
2α2
+
b2α − a2α
2α
(b− a)
}
.
(3.14)
Proof. Multiplying the left hand side and right hand sides of (3.6) and
(3.7) we have
t2αf (x) g (x)− (tαf (t)) (xαg (x))
− (xαf (x)) (tαg (t)) + x2αf (t) g (t)
=
(
αf (ξ)− ξ2−αDαf (ξ)
) (
αg (η)− η2−αDαg (η)
)(tα − xα
α
)2
.
(3.15)
Integrating both sides of (3.15) with respect to t over [a, b] we have
(
b3α − a3α
3α
)
f(x)g(x)− xαg (x)
b∫
a
tαf (t) dαt
− xαf (x)
b∫
a
tαg (t) dαt + x
2α
b∫
a
f(t)g(t)dαt
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=
(
αf (ξ)− ξ2−αDαf (ξ)
) (
αg (η)− η2−αDαg (η)
)
{
b3α − a3α
3α
− 2xα
b2α − a2α
2α
+ x2α (b− a)
}
. (3.16)
Now integrating (3.16) with respect to x over [a, b] we have
(
b3α − a3α
3α
) b∫
a
f(x)g(x)dαx−

 b∫
a
xαg (x) dαx



 b∫
a
tαf (t) dαt


−

 b∫
a
xαf (x) dαx



 b∫
a
tαg (t) dαt

 +

 b∫
a
x2αdαx



 b∫
a
f(t)g(t)dαt


=
(
αf (ξ)− ξ2−αDαf (ξ)
) (
αg (η)− η2−αDαg (η)
)
{
b3α − a3α
3α
(b− a)−
(b2α − a2α)
2
2α
+
b2α − a2α
2α
(b− a)
}
. (3.17)
From the properties of modulus and (3.17) we have
|H (f, g)| ≤
∣∣αf (ξ)− ξ2−αDαf (ξ)∣∣×∣∣αg (η)− η2−αDαg (η)∣∣
(
3α
b3α − a3α
)
×{
b3α − a3α
3α
(b− a)−
(b2α − a2α)
2
2α2
+
b2α − a2α
2α
(b− a)
}
.
(3.18)
which is required inequality.
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